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We studya classof finite discretedynamicalsystems,calledSequentialDynamical Systems(SDSs),proposedin
[BMR99, BR99] asanabstractmodelof computersimulations.We addressquestionsconcerningtwo specialtypes
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SDSsover infinite domains.Wealsopresentresultsthatrelatetheexistenceof GEconfigurationsto otherproperties
of anSDS.TheFIXED POINT EXISTENCE (or FPE) problemis to determinewhethera givenSDShasa fixedpoint.
Weshow thattheFPE problemis NP-completeevenfor somesimpleclassesof SDSs.Wealsoidentify severalclasses
of SDSsfor which theFPE problemcanbesolvedefficiently.
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1 Introduction and Motivation
Sequential Dynamical Systems(henceforthreferredto as SDSs)were proposedin [BR99, BMR99,
BMR00] asanabstractmodelfor computersimulations.This modelhasbeensuccessfullyappliedin the
developmentof large-scalesocio-economicsimulationsystemssuchasthe TRANSIMS projectat the
LosAlamosNationalLaboratory[Be+99]. A precisedefinitionof anSDSis givenin Section2. In simple
terms,anSDS����� G 	�
�	 π � consistsof threecomponents.G � V 	 E � is anundirectedgraphwith n nodes
with eachnodehaving a1-bit state†. 

��� f1 	 f2 	�������	 fn � , with fi denotingasymmetricBooleanfunction
associatedwith nodevi . π is a permutationof (or a total orderon) thenodesin V. A configuration of an
SDSis ann-bit vector � b1 	 b2 	�������	 bn � , wherebi is thevalueof thestateof nodevi (1 � i � n). A single
SDStransitionfrom oneconfigurationto anotheris obtainedby updatingthestateof eachnodeusingthe
correspondingBooleanfunction.Theseupdatesarecarriedout in theorderspecifiedby π.

SDSsare closely relatedto classicalCellular Automata(CA), a widely studiedclassof dynamical
systemsin physicsandcomplex systems.They are also closely relatedto a recentlyproposedexten-
sion of CA calledgraph automata [NR98, Ma98] and to one-way cellular automatastudiedby Roka
[Rk94]. The main differencebetweenthe graphautomataandSDSsis the sequentialorderingaspect.
Recentlyotherauthors[HG99, Ga97, Rk94] have alsoconsideredthis particularaspect. In particular,
HubermanandGlance[HG99] discussexperimentallyhow certainsimulationsof n-persongamesexhibit
very different(but probablymorerealistic)dynamicswhenthecellsareupdatedsequentiallyasopposed
to when they areupdatedin parallel. The issueof sequentialorderinghasbeenalsodiscussedin our
earlierwork [MR00, Re00a, BMR99,BH+00] in thecontext of developingatheoryof large-scalesimula-
tions. Examplesof suchsystemsincludevariousnationalinfrastructuresincludingtransportation,power
andcommunication.To illustratethe applicability of SDS-like formalizations,we give a simplified yet
realisticexamplethatarosein ourwork.

Example: Thisexampleis from alarge-scaletransportationsimulationprojectattheLosAlamosNational
LaboratorycalledTRANSIMS .‡ In this project,anSDS-basedapproachwasusedto micro-simulateev-
eryvehiclein anurbantransportationnetwork. For easeof exposition,weassumeasinglelaneroadwhich
canbemodeledasa onedimensionalarrayof cells,with eachcell representinga certainsegmentof the
road.Thestateof eachcar(driver)mayassumeoneof vmax � 1 possiblevalues;thesevaluescorrespond
to discretespeedsfrom 0 to vmax. Thestateof eachcell mayassumeoneof vmax � 2 differentvalues,the
additionalvaluebeingusedto representanemptycell. In theTRANSIMS systemimplementation,vmax

wasusuallya small integer (suchas5). At eachinstant,the behavior of a car (e.g. whetherthe speed
increases,decreasesor remainsthe same)is a functionof its stateandthestateof the car that is imme-
diatelyahead.By associatinga variablewith eachgrid cell, thetime evolution of thesystemcanbecast
asthetime evolution of thecorrespondingSDS.An importantpoint to noteis thatunlike CA (which are
synchronous),differentchoicesof theorderof updatingthecellsmayyield completelydifferentdynamics
in caseof SDSs.For instance,updatingthestatesfrom front to backactslike aperfectpredictorandthus
never yields clustersof vehicles. On the otherhand,updatingdownstreamyields morerealistic traffic
dynamics[BWO95].

Giventheimportanceof SDSin developinglarge-scalesimulations,we focuson theoreticalquestions
aimedat understandingthe phasespacestructureof our simulations. We focus on the computational

† Therestrictionto binarystatesis amathematicalconvenience,andallows usto presentstrongerlower boundresults.
‡ TRANSIMS is an acronym for the “TRansportation ANalysis and SIMulation System”. See
http://transims.tsasa.lanl.gov for details.
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complexity of questionsconcerningtwo specialtypesof the SDSconfigurations,namelythe Gardenof
EdenandtheFixedPointconfigurations.Both thesequestionshave importantcounterpartsin thecontext
of understandinglarge-scalesimulations.For example,the Gardenof Edenquestionis directly related
to livenesspropertiesof certainnetwork protocols[GC86]. Our conclusionis that thesequestionsare,in
general,computationallyintractable.However, we identify anumberof specialclassesof SDSsfor which
thequestionscanbeansweredefficiently. Severalof our resultsarealsoapplicableto cellularautomata
(CA) andgraphautomata(GA).

Theremainderof thepaperis organizedasfollows. In Section2 we provide thenecessarydefinitions.
Section3 definestheproblemsconsideredin this paper, summarizesour resultsandsomerelatedresults
from the literature.Sections4 and5 presentour resultsfor GARDEN OF EDEN EXISTENCE andFIXED

POINT EXISTENCE problemsrespectively.

2 Definitions
2.1 Sequential Dynamical Systems
We begin with a formal definition of sequentialdynamicalsystems.Our definition closely follows the
original definitionof SDSin [BMR99, BMR00, MR00, ?]. We alsorecallbasicdefinitionsof thephase
spaceparametersconsideredin this paper.

A SequentialDynamical System(SDS)� is a triple � G 	�
�	 π � , whosecomponentsareasfollows:

1. G � V 	 E � is anundirectedgraphwithoutmulti-edgesor self-loops.G is referredto astheunderlying
graph of � . We usen to denote�V � andm to denote�E � . Thenodesof G arenumberedusingthe
integers1, 2, ����� , n.

2. Eachnodehasonebit of memory, calledits state. The stateof nodei, denotedby si , takeson a
valuefrom � 2= � 0 	 1 � . We useδi to denotethedegreeof nodei. Eachnodei is associatedwith a

symmetricBooleanfunction fi : � δi � 1
2 � � 2, for 1 � i � n. We refer to fi asthe local transition

function. The inputsto fi arethe stateof i andthe statesof the neighborsof i. By “symmetric”
we meanthatthefunctionvaluedoesnot dependon theorderin which theinput bits arespecified;
that is, the function valuedependsonly on how many of its inputsare 1. We use 
 to denote
� f1 	 f2 	�������	 fn � .

3. Finally, π is a permutationof � 1 	 2 	�������	 n � specifyingthe orderin which nodesupdatetheir states
usingtheir local transitionfunctions.Alternatively, π canbeenvisionedasa total orderon theset
of nodes.

Computationally, the transitionof an SDSfrom oneconfigurationto anotherinvolvesthe following
steps:

for i � 1 to n do
(1) Nodeπ � i � evaluatesfπ � i � . (This computationusesthecurrent valuesof thestateof π � i � andthose

of theneighborsof π � i � .)
(2) Nodeπ � i � setsits statesπ � i � to theBooleanvaluecomputedin Step(1).

end-for



4 Barrett etal

Statedanotherway, thenodesareprocessedin thesequentialorderspecifiedby thepermutationπ. The
“processing”associatedwith a nodeconsistsof computingthevalueof thenode’s Booleanfunctionand
changingits stateto thecomputedvalue.

We point out that theassumptionof symmetricBooleanfunctionscanbeeasilyrelaxedto yield more
generalSDSs. We give specialattentionto the symmetrycondition for two reasons.First, our lower
boundsfor suchSDSsimply strongerlower boundsfor computingphasespacepropertiesof CA and
communicatingfinite statemachines(CFSMs). Second,symmetryprovidesonepossibleway to model
“meanfield effects”usedin statisticalphysicsandstudiesof otherlarge-scalesystems.A similarassump-
tion hasbeenmadein [BPT91].

Recall that a configurationof an SDS is a bit vector � b1 	 b2 	�������	 bn � . A configuration � of an SDS
� �!� G 	�
�	 π � canalsobe thoughtof asa function � : V � � 2. Given a configuration � , the stateof a
nodev in � is denotedby �"� v� ; for a subsetW of nodes,�#�W � denotesthestatesof thenodesin W. We
refer to �$�W � asa subconfiguration of � . Thefunctioncomputedby SDS � , denotedby F% , specifies
for eachconfiguration � , the next configuration �'& reachedby � after carryingout the updateof node
statesin theordergivenby π. Thus,F% : � n

2 � � n
2 is a globalfunctionon thesetof configurations.

ThefunctionF% canthereforebeconsideredasdefiningthedynamicbehavior of SDS� . We alsosay
thatSDS� movesfrom a configuration� to a configurationF% ���(� in a singletransitionstep.Assuming
eachnodefunction fi is computablein time polynomialin the sizeof thedescriptionof � , clearlyeach
transitionstepwill alsotake polynomialtime (in thesizeof theSDS’s description).

Theconfigurationreachedby applyingtheglobaltransitionfunctionF% to configuration� for t transi-
tion stepsis denotedby F% t ���)� .

Thephasespaceof SDS� , denotedby *(% , is adirectedgraphwith onenodefor eachof the2n possible
configurations;thereis a directededgefrom thenoderepresentingconfiguration�'& to that representing
configuration� if � movesfrom � & to � in onetransition.

Definition 2.1 Giventwo configurations �'& and � of an SDS� , �'& is a predecessorof � if F%+���'&,�-�.� ,
that is, � movesfrom �'& to � in onetransition.

Definition 2.2 Giventwoconfigurations �'& and � of anSDS� , �'& is anancestorof � if thereis a positive
integer t such thatF% t ���/&0�-�1� , that is, � evolvesfrom �'& to � in oneor more transitions.

In particular, a predecessorof a givenstate � is trivially alsoits ancestor.

Definition 2.3 A configuration � of an SDS� is a Garden of Eden (GE) configuration if � has no
predecessor.

Definition 2.4 A configuration � of an SDSis a fixed point if F% ���)�/�1� , that is, if thetransitionout of
� is to � itself.

Notethata fixed point is a configurationthatis its own predecessor.

Definition 2.5 A configuration � of anSDSis a cycleconfiguration if � is ona cycleof length2 or more
in thephasespaceor, equivalently, if there is an integer t 2 2 such thatF% t ���(�3�.� .

Alternatively, � is a cycle configuration if it is reachablefrom itself in two or moretransitions(or,
equivalently, if it is its own ancestor, but not apredecessor).

Definition 2.6 A configuration � of an SDSis a transient configuration if � is neithera fixedpoint nor
a cycleconfiguration.



Gardenof EdenandFixedPoint Configurations 5

As thenamesuggests,transientconfigurations,unlike fixedpointsandcycle configurations,arenever
revisited.NoticethataGEconfigurationis a specialcaseof a transientconfiguration;aGEconfiguration
is not reachablein oneor moretransitionsfrom anyconfigurationincludingitself.

Definition 2.7 AnSDS� is invertible if thefunctionF% is a bijection.

As will be shown in Section4, for SDSswherethe domainof statevaluesis finite, thereis a close
relationshipbetweeninvertibility andtheexistenceof transientandGEconfigurations.

2.2 Variants of SDS

Let F be any setof symmetricBooleanfunctions. We useF-SDSto denotean SDSwhereeachlocal
transitionfunctionis from thesetF .

Thedefinitionof anSDScanbeextendedto obtainseveralvariants.A brief descriptionof theseSDS
variantsis givenbelow.

As defined,the stateof an SDS is a Booleanvalueand the functionsassociatedwith the nodesare
symmetricandBoolean.Whenweallow thestateof eachnodeto takeonvaluesfrom afinite domainand
thenodefunctionsto producevaluesfrom thedomain,we obtaina Finite RangeSDS(FR-SDS).If the
statesmaystoreunboundedvaluesandthenodefunctionsmayalsoproduceunboundedvalues,weobtain
a GeneralizedSDS(Gen-SDS).

A Linear SDSis onein which eachlocal transitionfunction is a linearcombinationof its inputs. To
be moreprecise,considereachnodevi , andlet N � i �(��� vi1 	 vi2 	�������	 vir � denotethe neighborsof vi . Let
N & � i �-� N � i �546� vi � . In a linearSDS,eachlocal transitionfunction fi hasthefollowing form:

fi � si 	 si1 	������ sir �3� αi � ∑
vj 7 N 89� i �

ai jsj � (1)

Here,αi andai j (1 � i � n and1 � j � r) are(scalar)constants,sj is thestatevalueof nodev j andthe
arithmeticoperations(additionandscalarmultiplication)areassumedto becarriedout over a field. We
assumethatthefield operationscanbecarriedoutefficiently. Underthisassumption,it is well known (see
for example[Von93]) thatsolvingasetlinearequationsoverthefield canbedonein polynomialtime. We
usethis fact in Section5.3. Whenthestateof eachnodeis Boolean,eachlinearlocal transitionfunction
is eitherXOR (exclusiveor) or XNOR (thecomplementof exclusiveor).

A SynchronousDynamical System(SyDS) is an SDSwithout the nodepermutation. In an SyDS,
at eachtime step,all the nodessynchronouslycomputeandupdatetheir statevalues.Thus,SyDSsare
similar to finite CA exceptthat in SyDSs,nodesmaybe interconnectedin an arbitraryfashionwhile in
a cellular automaton,nodesareinterconnectedin a regular fashion(e.g. line, grid). We canextendthe
definitionof anSyDSto obtainanFR-SyDSandaGen-SyDSin a mannersimilar to thatof SDS.

2.3 Other Relevant Definitions

Oneclassof Booleanfunctionsconsideredin thispaperis thatof monotonefunctions.A definitionof this
classis givenbelow.

Definition 2.8 GiventwoBooleanvectorsX = : x1 	 x2 	�������	 xn ; andY = : y1 	 y2 	�������	 yn ; , definetherelation
“ < ” asfollows: X < Y if xi � yi for all i, 1 � i � n. Ann-inputBooleanfunction f is monotoneif X < Y
impliesthat f � X �(� f � Y � .
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Theabovedefinitionof monotonicitycanbeextendedto any domainfor which thereis apartialor total
orderon theelements.Thisextensionis indicatedbelow.

Definition 2.9 Let = bea setwith a partial or total order � on its elements.Giventwo vectors in = n, X
= : x1 	 x2 	�������	 xn ; andY = : y1 	 y2 	�������	 yn ; , definetherelation“ < ” asfollows: X < Y if xi � yi , 1 � i � n.
Ann-inputfunction f : = n � = is monotoneif X < Y impliesthat f � X �)� f � Y � .

Observe that even if the elementsof = are totally orderedby � , the inducedorder < on the setof
n-tuplesof elementsof = (thatis, theorderonthesetof configurationsin thecorrespondingphasespace)
will beonly apartial order. Also noticethattheuniquenessof minimal/maximalelementin = with respect
to (total)order � impliestheuniquenessof minimal/maximalelementin thesetof configurations= n with
respectto (partial)order < . Our resultson monotoneSDSsdonotdependon theexactnatureof order � ,
noronwhetherminimal/maximalelementswith respectto thisorderareunique.For clarity of exposition,
we assumethat theorder � is total; this, indeed,is thecasefor BooleanSDSsaswell asFR-SDSswith
thelocal transitionfunctionsdefinedover theusualdomains(suchasZk, for somepositive integerk).

3 Contributions of the Paper
3.1 Problems Considered and Summary of Results

GivenanSDS � , let � �>� denotethesizeof the representationof � . In general,this includesthenumber
of nodesandedges,andthedescriptionof the local transitionfunctions. WhenBooleanlocal transition
functionsaregivenastables,� �>�?� O � m � �T � n� , where �T � denotesthemaximumsizeof thetable,n is the
numberof nodesandm is thenumberof edgesin theunderlyinggraph.For a nodev with degreeδv, the
sizeof thetablespecifyinganarbitraryBooleanfunctionis O � 2δv � , while thesizeof thetablespecifying
a symmetricBooleanfunction is O � δv � . We assumethat evaluatingany local transitionfunction given
valuesfor its inputscanbedonein polynomialtime.

In this paper, we studycomputationalaspectsof thefollowing two problemsconcerningSDSs:

1. GivenanSDS� = � G 	�
�	 π � , theGARDEN OF EDEN EXISTENCE problem(abbreviatedasGEE) is
to determinewhether� hasa GEconfiguration.

2. Given an SDS � = � G 	�
�	 π � , the FIXED POINT EXISTENCE problem(abbreviatedas FPE) is to
determinewhether� hasafixedpoint.

We now summarizeour resultsfor the above problems.A necessaryandsufficient conditionfor the
non-existenceof GEconfigurationsin caseof SDSswhereeachstatevalueis from afinite setwasgivenin
[MR00]. Weprovethattheconditionis sufficientbut notnecessaryfor thenon-existenceof GEconfigura-
tionsin SDSswhosedomainof statevaluesmaybeinfinite. Wealsoobtainresultsthatrelatetheexistence
of GE configurationsin FR-SDSsto otherproperties(e.g. existenceof transientstates,invertibility) of
suchSDSs.

We show that, in general,the FPE problemis NP-completeeven whenrestrictedto SDSssuchthat
eachof their local transitionfunctionsis symmetricandBoolean.Wepresentpolynomialtimealgorithms
for the FPE problemfor several restrictedclassesof SDSs. We give an algorithmthat usesonly O � n�
evaluationsof local transitionfunctions(wheren is thenumberof nodes)to decidewhetheranSDSsuch
thateachof its local transitionfunctionsis from theset � AND, OR,NAND, NOR� hasafixedpoint. For
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SDSswhereeachlocal transitionfunction is monotone,theanswerto the FPE problemis always“yes”;
we presentan algorithm that usesonly O � m� evaluationsof local transitionfunctions(wherem is the
numberof edgesin theunderlyinggraph)to find a fixedpoint for suchSDSs.We alsoextendthis result
to FR-SDSs.

3.2 Related work
As mentionedearlier, SDSsarecloselyrelatedto thegraphautomatamodelstudiedin [Ma98, NR98] and
theone-waycellularautomatastudiedby Roka[Rk94]. In fact,FR-SyDSexactlycorrespondto graphau-
tomataasdefinedin [NR98]. Computationalaspectsof CA havebeenstudiedby anumberof researchers;
seefor example[Mo90, ?, ?, Wo86, Gu89, Gr87, Su95]. Much of this work addressesdecidabilityof
propertiesfor infinite CA. Barrett,Mortveit andReidys[BMR99, BMR00,MR00,?, Re00a] andLauben-
bacherandPareigis[?] investigatethe mathematicalpropertiesof sequentialdynamicalsystems.The
complexity of thePREDECESSOR EXISTENCE problemfor CA (“GivenaCA andaconfiguration� , does
� have a predecessor?”)andits generalizations(e.g.,ancestorexistence)werestudiedby Sutner[Su95]
and Green[Gr87]. Sutneralso establishedthe efficient solvability of the PREDECESSOR EXISTENCE

problemfor CA with a fixed neighborhoodradius. In our earlierpapers,we studiedthe computational
complexity of severalphasespacequestionsfor SDSs.TheseincludeREACHABIL ITY, PREDECESSOR

EXISTENCE andthePERMUTATION EXISTENCE problems.
Invertibility of CA hasbeenextensively studiedstartingwith thework of Richardson[?] andAmoroso

andPatt [AP72]. See[MM98, Su98, TM90] for additionaldetailson this topic. Note thata Gardenof
Edenconfigurationexists if f the global mapof the SDSfails to be surjective (onto). Sutner[?] shows
thatgivena linearCA decidingif its globalmapis surjectivecanbeaccomplishedin quadratictime. The
resultholdsfor finite domainsbut with potentiallyinfinite numberof cells.Theresultsin theabovecited
papersarenot directlyapplicableto SDSsdueto thenatureof nodeupdate.Indeed,wecanshow thatthe
characterizationof Gardenof Edenexistencefor finite SDSsin termsof local transitionfunctionsis not
applicableto CA (or to GA).

4 Results for GARDEN OF EDEN EXISTENCE

4.1 A Sufficient Condition for the Nonexistence of GE Configurations
A necessaryandsufficient conditionfor thenon-existenceof GE configurationsin SDSswherethestate
valuesarefrom a finite domainwasdevelopedin [MR00]. To expressthe conditionusingthe notation
developedhere,we needthefollowing definitions.

Definition 4.1 Let = bea setandlet φ � x1 	 x2 	�������	 xk � : = k @ � = bea functionof k variables.Let X �
� x1 	 x2 	�������	 xk � . Variablexi is essentialfor φ if for each combinationα �.� q1 	 q2 	�������	 qi A 1 	 qi � 1 	�������	 qk � of
valuesof thek @ 1 variablesin X @ � xi � , where q j B = , 1 � j � k and j C� i, thesinglevariablefunction
φα � xi � = φ � q1 	 q2 	�������	 qi A 1 	 xi 	 qi � 1 	�������	 qk � is a surjection(i.e., therangeof φα � xi � is = ).

Definition 4.2 A local transitionfunction fi for nodevi is self-essentialif variablesi is essentialfor fi .

Using the above definitions,the characterizationof [MR00] (donein the context of invertibility but
applicablehere)canbestatedasfollows:

A finite domainSDShas no GE configurations if and only if each of its local transition
functionsis self-essential.
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We now provethatthesufficiency partof this resultholdsfor SDSswith infinite domainsaswell.

Theorem4.1 Supposeeverylocal transitionfunctionof a Gen-SDS� = � G � V 	 E �D	�
�	 π � is self-essential.
Then� doesnothavea GE configuration.

Proof: When eachlocal transition function is self-essential,we show that every configurationhasa
predecessor.

Let � = � b1 	 b2 	�������	 bn � be a given configuration.We show the existenceof a predecessorconfigura-
tion �'& = � b&1 	 b&2 	�������	 b&n � as follows. Without lossof generality, assumethat the nodepermutationπ is
: v1 	 v2 	�������	 vn A 1 	 vn ; . Considerthenodesof theSDSin thereverseorderof π. Thus,thefirst nodeconsid-
eredis vn with local transitionfunction fn. Let N � n� = � vn1 	 vn2 	�������	 vnr � denotethesetof neighborsof vn.
Sincewe wanttheconfiguration�/& to bea predecessorof � , thefollowing conditionmustbesatisfied:

fn � sn 	 bn1 	 bn2 	�������	 bnr �3� bn � (2)

Here,sn is theunknown valueof thestateof vn before fn is evaluated.Since fn is self-essential,for the
combinationα �E� bn1 	 bn2 	�������	 bnr � of values,the single-variablefunction f α

n � sn � is a surjection. Thus,
thereis at leastonevalue for the variablesn which satisfiesEquation(2). We setb&n to an arbitrarily
chosensolutionto theequation.

As weproceedin thereverseorderof π, whenweconsiderthenodefi (1 � i F n), weobtainanequation
similar to the onefor nodevn shown above. In the equation,the only unknown is si ; for eachneighbor
v j of vi , where j G i, we usethevalueb& j which hasalreadybeencomputed;for eachneighborv j of vi ,
where j F i, we usethe given valueb j from � . Since fi is self-essential,the resultingsingle-variable
equationhasa solution. Thevalueof b&i is setto oneof thesesolutionvalues.By repeatingthis process,
theconfiguration�'& is obtained.

Thefollowing propositionpointsout theconditionof Theorem4.1is notnecessaryin thecaseof SDSs
with infinite domains.

Proposition4.1 Whenthe domainof statevaluesis infinite, there existsan SDSwithout GE configura-
tions,eventhoughoneof thelocal transitionfunctionsis not self-essential.

Proof: Consideran SDS � with two nodes� v1 	 v2 � andwith a singleedgejoining the two nodes.The
domainof statevaluesfor bothnodesis thesetof nonnegative integersandthepermutationπ ��: v1 	 v2 ; .
Thelocal transitionfunctions f1 � s1 	 s2 � and f2 � s1 	 s2 � aredefinedasfollows.

f1 � s1 	 s2 � = s1, if s2 C� 0
= s1 � 1, otherwise.

f2 � s1 	 s2 � = H s2 I 2 J
Thefunction f1 is notself-essential,sincewhens2 � 0, theequationf � s1 	 0�K� 0 doesnothaveasolution.

We now arguethat for � , every configurationhasa predecessor, thusshowing that � doesnot have a
GE configuration.To seethis,notethatany configurationof theform � x 	 y� , wherey G 0, has � x 	 2y� asa
predecessorandthatany configurationof theform � x 	 0� has � x 	 1� asa predecessor.

Whenthelocal transitionfunctionsaresymmetricandBoolean,thenecessaryandsufficient condition
for the non-existenceof GE configurationscanbe expressedin a simpleform asindicatedin [MR00]:
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An SDSwith symmetricBooleanlocal transitionfunctionshasno GE configurationsif andonly if each
local transitionfunction is eitherXOR or XNOR. Whenlocal transitionfunctionsarearbitraryBoolean
functionsgivenasBooleanformulas,it is easyto seethatdeterminingwhethera functionis self-essential
is Co-NP-complete.A characterizationof GEexistencefor SDSswith infinite domainsis open.

For FR-SDSs(i.e., SDSwith finite phasespaces),existenceof GE configurationscanalsobe related
to otherpropertiessuchasinvertibility andexistenceof transientconfigurations.Thefollowing theorem
showsthis relationship.

Theorem4.2 Let � bea FR-SDS.Thenthefollowingstatementsareequivalent:
(i) � hasa transientconfiguration.
(ii) � hasa GE configuration.
(iii) � hasa configurationwith two or more predecessors.
(iv) � is not invertible.

Proof: By definition,eachconfiguration� hasexactlyonesuccessor, namelyF%+���(� . Thatis, in thephase
space*L% , eachnodehasoutdegreeequalto 1. Thus,if thephasespacehasN nodes,thenthenumberof
directededgesis alsoN. Thesefactswill beusedthroughoutthis proof.

(i) M (ii): Suppose� is a transientconfiguration. If � hasno predecessor, then it is a GE configu-
ration, and we are done. Else, let Pred(� ) denotea predecessorof � . (When a configurationhas
two or morepredecessors,we chooseonearbitrarily.) Considerthe sequencePred(� ), Pred(Pred(� )),
Pred(Pred(Pred(� ))), ����� . In this sequence,no configurationcanrepeat,sincea repeatingconfiguration
musthave outdegreeof at least2. Now, thefinitenessof thephasespaceimplies that thesequenceends
in a configurationwith no predecessor, thatis, aGE configuration.

(ii) M (iii): Suppose� is a GE configuration.Thus,in thephasespace,the indegreeof � is zero. If all
theothernodesin thephasespacehave indegreeat most1, thenthetotal numberof directededgeswill
be lessthanthenumberof nodes.This is a contradiction.Hencethereis a nodein thephasespacewith
indegreeat least2. In otherwords,thereis aconfigurationwith two or morepredecessors.

(iii) M (iv): Supposeconfiguration� hastwo or morepredecessors.ThenthefunctionF% of theSDSis
not one-to-one,andthereforenot a bijection.Thatis, � is not invertible.

(iv) M (i): Suppose� is not invertible; that is, F% is not a bijection. Sincethedomainof � is finite, the
globalmapF% of � is not bijective if f it is not surjective if f it is not injective. In particular, if F% is not
a surjection(i.e., not an onto function), then thereexists a configuration �'& in the phasespacewhose
indegreeis zero.Then �'& is a Gardenof Eden,and,in particular, it is a transientconfiguration.

4.2 Additional Remarks on GE Configurations

So far, we consideredthe problemof determiningwhethera given SDShasa GE configuration. One
canalsoconsidera differentproblemin this context: GivenanSDS � anda configuration� , determine
whether� is aGEconfiguration.Weobservethatthisproblemis thecomplementof determiningwhether
a givenconfigurationhasa predecessor. Thelatterproblem(PREDECESSOR EXISTENCE) is known to be
NP-complete(see[BH+01]). This referencealsoidentifiesa numberof restrictedclassesof SDSs(e.g.
linear-SDSs,SDSswhoseunderlyinggraphsaredegreeandtreewidth bounded)for which the PREDE-
CESSOR EXISTENCE problemcanbesolvedefficiently. ¿Fromtheseresults,it followsthattestingwhether
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agivenconfigurationis aGEconfigurationis Co-NP-completein general;also,theproblemis efficiently
solvablefor any classof SDSsfor which thePREDECESSOR EXISTENCE problemis efficiently solvable.

Let a configuration � of an SDSbe calleda Strong Garden of Eden (SGE)configurationif it is a
Gardenof Edenconfigurationundereverynodepermutation.Analogousto the GARDEN OF EDEN EX-
ISTENCE problem,thefollowing problem(calledtheSTRONG GARDEN OF EDEN EXISTENCE problem,
abbreviatedas SGEE) can be formulated: Given the underlyinggraphG � V 	 E � and the set 
 of local
transitionfunctionsof anSDS� , determinewhether� hasanSGEconfiguration.A characterizationof
SDSswith SGEconfigurationsis open.Thefollowing observationprovidessomeclassesof SDSswhich
haveSGEconfigurations.We omit thestraightforwardproof.

Observation 4.1 LetF denoteanyof thesets� OR� , � AND� , � NOR� and � NAND� . EveryF-SDSwhose
underlyinggraphhasat leastoneedgehasan SGEconfiguration.

5 Results for FIXED POINT EXISTENCE

5.1 Preliminaries
In this section,we considerthecomplexity of theFIXED POINT EXISTENCE problemfor severalclasses
of SDSs. In particular, we show that the FIXED POINT EXISTENCE problemis NP-completefor SDSs
with symmetricBooleanlocal transitionfunctions.Wealsoidentify severalrestrictedclassesof SDSsfor
which the FPE problemcanbe solvedefficiently. We begin with somesimpleobservationsaboutfixed
points.

Observation 5.1 [MR00] A fixedpoint configuration for an SDSremainsa fixedpoint underall permu-
tationsof thenodes.Furthermore, such a configuration is alsoa fixedpoint of thecorrespondingSyDS
(i.e., it remainsa fixedpoint evenif all thenodevaluesareupdated“in parallel”).

Thus,to establishthata givenconfigurationis a fixedpoint,we canconsiderthenodesin anarbitrary
order. Thenext observationindicatesa propertyof NAND andNORfunctionsin any fixedpoint.

Observation 5.2 Let � bean SDSandlet � beanyfixedpoint configurationfor � .

1. For everynodey whoselocal transitionfunctionis NAND, �$� y�-� 1.

2. For everynodey whoselocal transitionfunctionis NOR, �#� y�-� 0.

Our NP-hardnessproofsfor theFPE problemuseappropriatereductionsfrom thefollowing problem.

POSITIVE EXACTLY 1-IN-3 3SAT (PE3SAT)

Instance: A setX �!� x1 	 x2 	�������	 xn � of n Booleanvariablesanda collectionC �!� c1 	 c2 	�������	 cm � of m
clauses,whereeachclausecontainsexactly threepositive (unnegated)literals.

Question: Is therea truth assignmentto the variablessuchthat eachclausecontainsexactly one true
literal?

PE3SAT is known to beNP-complete[GJ79]. Wealsoneedarestrictedversionof PE3SAT whereeach
variableoccursin an oddnumberof clauses.We will refer to this restrictedversionasODD-PE3SAT.
Thefollowing propositionestablishestheNP-completenessof ODD-PE3SAT.
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Proposition5.1 ODD-PE3SAT is NP-complete.

Proof: ODD-PE3SAT is obviously in NP. We proveits NP-hardnessthrougha reductionfrom PE3SAT.
Consideran instanceof PE3SAT. For eachvariablexi that occursin an even numberof clauses,we
introducetwo new variablesx1

i andx2
i , andaddtheclause� xi 	 x1

i 	 x2
i � to theexisting setof clauses.The

variablesx1
i andx2

i don’t occurin any otherclause.After this construction,eachvariablexi occursin an
oddnumberof clausesandthenew variablesx1

i andx2
i occurin exactly oneclause.So,theconstruction

producesaninstanceof ODD-PE3SAT. It is easilyverifiedthat theresultinginstanceof ODD-PE3SAT
hasa solutionif andonly if thegiveninstanceof PE3SAT hasa solution.

5.2 Complexity of FPE

We arenow readyto prove the NP-completenessof FPE for SDSswith symmetricandBooleanlocal
transitionfunctions.

Theorem5.1 TheFIXED POINT EXISTENCE problemis NP-completefor thefollowingrestrictedclasses
of SDSs:(a) � NAND, XNOR� -SDSs,(b) � NAND, XOR� -SDSs,(c) � NOR,XNOR� -SDSsand(d) � NOR,
XOR� -SDSs.

Proof: TheFIXED POINT EXISTENCE problemis in NP sinceonecanguessaconfiguration� andverify
in polynomialtime that thetransitionout of � is to � itself. For thesake of brevity, we will presentthe
proof of NP-hardnessfor � NAND,XNOR � -SDSs.Theproofsfor theothercasesaresimilar.

We usea reductionfrom ODD-PE3SAT. Let x1, x2, ����� , xn denotethe variablesand let c1, c2, ����� ,
cm denotetheclausesin thegiven instanceof ODD-PE3SAT. For eachvariablexi , we createa nodexi ,
1 � i � n. For eachclausec j , we createtwo nodesc1

j andc2
j , 1 � j � m. Whena variablexi occursin

clausec j , we addthe two edges� xi 	 c1
j � and � xi 	 c2

j � . The local transitionfunctionassociatedwith each

variablenodexi is XNOR (or even parity). The local transitionfunction associatedwith eachnodec1
j

is XNOR andthat associatedwith eachnodec2
j is NAND. Thus,we obtainan instanceof an � NAND,

XNOR � -SDS.
Supposethegiveninstanceof ODD-PE3SAT hasasolution.Considerthefollowing configuration.Set

eachnodec1
j of theSDS(whoseassociatedfunctionis XNOR) to 0 andeachnodec2

j (whoseassociated
function is NAND) to 1, 1 � j � n. Seteachvariablenodexi to the truth valuegiven by the solution
to ODD-PE3SAT. To seethat this configurationis a fixed point, first considerthe variablenodes.(By
Observation5.1,wecanconsiderthenodesof theSDSin anarbitraryorder.) Supposenodexi hasvalue1.
(A similarproofholdsfor anodexi with value0.) Theinputsto theevenparityfunctionatxi arethenodes
c1

j andc2
j for eachj suchthatxi occursin clausec j . In thechosenconfiguration,thevalueof eachnodec1

j

is 0 andthatof c2
j is 1. Sincexi appearsin anoddnumberof clauses,thenumberof 1’s in theinput to the

functionat xi , includingthevalueof xi itself, is even. Thus,theoutputof thefunctionat xi remainsas1.
For eachnodec1

j which alsocomputestheevenparity function,exactly oneof its inputsis 1 becauseof
thepropertyof thesolutionto ODD-PE3SAT andthefactthatc1

j wassetto 0 in thechosenconfiguration.
Thus,thefunctionvalueat nodec1

j remains0, 1 � j � m. For eachnodec2
j which computestheNAND

function,two of its inputsare0 (becauseof thepropertyof thesolutionto ODD-PE3SAT). So,function
valueat thatnodealsoremainsas1. Thus,thechosenconfigurationis indeeda fixedpoint.
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Now, supposetheSDShasafixedpoint � . In � , thevaluefor eachnodec2
j (1 � j � m) thatcomputes

theNAND functionmustbe1 by Observation5.2.Thus,notall threevariablesadjacentto thenodec2
j can

besetto 1 in � . Now, considerthenodec1
j . Suppose� assignsthevalue0 to c1

j . (An identicalargument
holdsif � assignsthevalue1 to c1

j .) Then,thenumberof 1’s amongthevariablenodesthatareadjacent

to c1
j mustbeodd; that is, thenumbermustbeeither1 or 3. Sincewe just arguedthat thenumberof 1’s

cannotbe3, it follows thatexactly oneof thevariablenodesto which c1
j is adjacentis 1. In otherwords,

thevalueschosenby � for thevariablenodesconstitutea solutionto the ODD-PE3SAT instance.This
completestheproofof NP-hardnessfor � NAND, XNOR � -SDSs.

5.3 Efficiently Solvable Cases of FPE

In this section,we usetechniquesdevelopedin [BH+01] to identify severalrestrictedclassesof SDSsfor
which theFPE problemcanbesolvedin polynomialtime. We begin with linearGen-SDSs.

Theorem5.2 The FPE problemcan be solvedefficiently for the classof linear Gen-SDSsand linear
Gen-SyDSs.

Proof: Sincewe canignorethenodepermutationin consideringtheFPE problem(Observation5.1), the
proof is identicalfor linearGen-SDSandlinearGen-SyDS.

Let � bea linearGen-SDSor Gen-SyDS.To solve the FPE problemfor � , we associatea variablexi

with eachnodevi of � andconstructa systemof linearequationsover thealgebraicfield corresponding
to � . This constructionis donein sucha way that � hasa fixedpoint if andonly if thesystemof linear
equationshasa solution.

To constructthe systemof linearequations,considerthe nodevi . Let N � i � = � vi1 	 vi2 	�������	 vir � denote
denotethesetof neighborsof vi . Let N & � i �/� N � i �N4O� vi � . UsingEquation(1), thelinearequationfor vi ,
wherethearithmeticoperationsarecarriedout over thefield correspondingto � , is thefollowing:

∑
vq 7 N 89� i �

aiqxq � xi � (3)

Thereis onesuchequationfor eachnodevi . It canbeverifiedthattheFPE problemfor � hasasolutionif
andonly if theabovesystemof equationsover thefield correspondingto � hasa solution.Further, every
solutionto thesystemis afixedpoint for � . Sinceefficientalgorithmsareknown [Von93] for determining
whethera systemof linearequationsoverafield hasa solution,thetheoremfollows.

Our next theoremidentifiesseveral restrictedclassesof SDSs(wherethe domainof statevaluesis
Boolean)for which theFPE problemcanbesolvedin polynomialtime.

Theorem5.3 LetF = � AND,OR,NAND,NOR� . TheFPE problemfor anyF-SDScanbesolvedin linear
time. Moreover, whentheFPE problemhasa solution,a fixedpoint canbefoundusingO � n� evaluations
of local transitionfunctions.

Proof: Given � , constructthe following configuration � . For every nodev wherethe local transition
function fv is ORor NAND, set �$� v� = 1. For everynodev wherethelocal transitionfunction fv is AND
or NOR,set �"� v� = 0. We claim that � hasa fixedpoint if andonly if � is a fixedpoint.
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The“if ” partof the proof is trivial. So,we will considerthe “only if ” part. Suppose� is not a fixed
point. Considerfinding the successor�/& of � . Since � is not a fixedpoint, thereis a nodeu for which
�$� u�PC�.�'&�� u� . Let y bethefirst nodein thepermutationπ andlet fy denotethe local transitionfunction
at nodey. Thefunction fy cannotbeOR since �$� y�'� 1 implies that �'&�� y�'� 1. Similarly, fy cannotbe
AND since �#� y�)� 0 implies that � & � y�)� 0. So, fy B � NOR, NAND � . We will show that fy cannotbe
theNORfunction.A dualargumentcanbegivento show that fy cannotbetheNAND function.

Supposethe fy is theNORfunction.Then, �#� y�Q� 0 and �/&R� y�Q� 1. Sincey is thefirst nodein π whose
valuein �'& differs from its valuein � , at the time y is evaluatedin the transitionfrom � to �'& , all the
neighborsof y have the samevaluethey hadin � . Since �'&�� y�)� 1, all theseneighborshadvalue0 at
this time. Therefore,the local transitionfunctionof eachneighborof y is eitherAND or NOR. Suppose
thereexists a fixed point S for � . ¿FromObservation 5.2, SO� y�L� 0. Also from Observation 5.2, for
every neighborz of y with local transitionfunctionNOR, SO� z�/� 0. For every neighborz of y with local
transitionfunctionAND, sincez is adjacentto y which hasvalue0 in S , S6� z�)� 0. But the conditions
SO� y�/� 0 and SO� z�)� 0 for eachneighborz of y imply that S is not a fixedpoint. Therefore,� doesnot
haveafixedpoint.

In view of theabove result,to find a fixedpoint, we only needto verify whetherthe configuration�
constructedabove is a fixedpoint. Clearly, this involvesonly O � n� local functionevaluations,wheren is
thenumberof nodesin theunderlyinggraph.

A monotoneSDS(SyDSs)is anSDS(SyDS)in whicheachlocal transitionfunctionis monotone.Our
next theoremshows thatevery monotoneSDS(or SyDS)hasa fixedpoint. Moreover, a fixedpoint can
befoundefficiently. We begin with a straightforwardobservation:

Lemma 5.1 Let � bea Gen-SDSor Gen-SyDSwhere each local transitionfunctionis monotone. Let �
and �/& beconfigurationsof � . If �T<��/& , thenF% ���)�(< F% ���'&,� .

The above lemmaturnsout to be a very useful in establishingvariousphasespacepropertiesof the
monotoneSDSsandSyDSsasshown below.

Theorem5.4 EverymonotoneFR-SDS(or FR-SyDS)over anyfinite domain = with a partial order �
hasa fixedpoint. Moreover, a fixedpoint can be foundusingO � m�U=V� � evaluationsof local transition
functions,where mis thenumberof edgesin thegraph.

Proof: Let 0 denotea minimumelementof = underthepartialorder � . Let W 0 denotetheconfiguration
consistingof all 0’s;noticethatthisis aminimalconfigurationin thephasespaceundertheinducedpartial
order. ¿FromLemma5.1, it follows that thesequenceof configurationsstartingfrom W 0 reachesa fixed
point. Moreover, sinceeachstepin this sequencethat changesthe configurationincreasesat leastone
elementof theconfiguration,thenumberof SDStransitionsbeforethesequencereachesa fixedpoint is
boundedby n ���,=X� @ 1� .

If the above processis carriedout directly, the numberof function evaluationswould be Θ � n2 �U=V� � ,
sinceeachtransitionusesn functionevaluations.To improvethenumberof functionevaluations,westart
with theconfigurationW 0, andevaluateeachnodeonce.Whenthevalueof anodev changes,weschedule
all neighborsof v for anotherevaluation.Whenthevalueof a nodereachesa maximalvaluein = under
the partial order, the nodeis not re-evaluated.In this manner, the numberof function evaluationsfor a
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nodev over thecourseof thealgorithmis atmost = timesthedegreeof v. Therefore,thetotalnumberof
functionevaluationsis at mostO � m�,=X� � .

Whenthe local transitionfunctionsaremonotone,symmetricandBoolean,theapproachpresentedin
the proof of Theorem5.4 canbe modifiedto obtaina fixed point in O � n � m� time. This improvement
exploits thefactthatBooleanfunctionsthataresymmetricandmonotonearesimplethr esholdfunctions;
thatis, for eachsuchfunction,thereis anintegerk suchthatthevalueof thefunctionis 1 if thenumberof
1’s in the input is at leastk and0 otherwise.(We permitnodeswhosethresholdis zeroaswell asnodes
whosethresholdmayexceedtheir numberof inputs. Thus,theconfigurationconsistingof all 0’s or the
oneconsistingof all 1’sneednot bea fixedpoint for suchSDSs.)

Theimprovedalgorithmfor SDSs(andSyDSs)whereeachnodecomputesasimplethresholdfunction
is obtainedby recordingfor eachnode,the numberof its neighborswhosevalueis 1. Whenthis count
reachesthe thresholdvalue,the valueof the nodechangesto 1 andthe count is incrementedfor all its
neighbors.Onecanthink of this processasif thevalue1 is beingpropagatedalongtheedgesasfollows.
First, all nodesare0 (sincewe startat theconfiguration0n), andall the edgesarelabeledby 0. Oncea
nodechangesits valuefrom 0 to 1, all the edgesincidentto this nodechangetheir labelsto 1; thenwe
look at theneighborsof theupdatednode- hasthenumberof incomingedgeslabeledby 1 reached(or
surpassed)its threshold?We proceedpropagatingthenodevaluejumpsfrom 0 to 1 alongtheir incident
edgesuntil no new node(andthereforeno new edges)become1; at this stage,a fixed point hasbeen
reached.It is now easyto seethatthealgorithmrunsin O � n � m� time.

Corollary 5.1 For SDSswhoselocal transitionfunctionsare Boolean,symmetricandmonotone, a fixed
point canbeobtainedin O � n � m� time.

6 Conclusions
We consideredthe computationalaspectsof GE configurationsandfixed points for SDSs. Our results
point out that, in general,theseproblemsarecomputationallyintractable. We identifiedsomespecial
classesof SDSsfor which theseproblemscanbesolvedefficiently. Weextendedasufficientconditionfor
thenon-existenceof GE configurationsto Gen-SDSover infinite domains.We alsorelatedtheexistence
of GEconfigurationsto otherphasespacepropertiesof SDSs.

Weclosebymentioningsomedirectionsfor furtherresearch.An importantopenproblemin thiscontext
is thecharacterizationof Gen-SDSsoverinfinite domainswith GEconfigurations.RecallthatastrongGE
configurationis onewhichremainsaGEconfigurationunderall nodepermutations.CharacterizingSDSs
with strongGEconfigurationsis alsoopen.Finally, identifyingotherrestrictedclassesof SDSsfor which
thefixedpoint existenceproblemcanbesolvedefficiently would alsohelp to furtherour understanding
of thecomplex behavior of SDSs.
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